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N-BODY SCHRODINGER OPERATORS WITH
FINITELY MANY BOUND STATES

W. D. EVANS AND ROGER T. LEWIS

ABSTRACT. In this paper we consider a class of second-order elliptic operators
which includes atomic-type N-body operators for N > 2. Our concern is the
problem of predicting the existence of only a finite number of bound states cor-
responding to eigenvalues below the essential spectrum. We obtain a criterion
which is natural for the problem and easy to apply as is demonstrated with
various examples. While the criterion applies to general second-order elliptic

operators, sharp results are obtained when the Hamiltonian of an atom with an

infinitely heavy nucleus of charge Z and N electrons of charge | and mass %

is considered.

1. INTRODUCTION

The eigenvalues below the essential spectrum of a Schrodinger operator have
eigenfunctions which are called bound states in nonrelativistic quantum me-
chanics since a particle in such a state cannot leave the system without addi-
tional energy. The operators considered here will be bounded below. Hence,
below the least point X of the essential spectrum, the spectrum consists of
eigenvalues of finite multiplicity and there is either a finite number of them or
a sequence which clusters at X.

Consider the formal Schrodinger operator P = —A+¢q on R"” where g is
a real-valued function in LIIOC(R") and ¢_:= max(—q, 0) € L] (R") for some
p>n/2.1If

inf{(Pp, ¢): p € C5"(R"), |lo|l =1} > —o0,

where (-, ), || || are the L*(R") inner product and norm, then P admits a
unique selfadjoint realization H in LZ(R") which is bounded below: see Kato
[14] for this result and Agmon [1, Chapter 3] for an up-to-date treatment. If g
is bounded below in a neighborhood of infinity it is known that the behavior of
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q(x) for large values of x determines whether the number of bound states of
H is finite or infinite. Most of the work done on this problem has dealt with
this special case: the literature is extensive—see [10, 11, 24] and the references
cited therein. The assumption that g is bounded below near oo is too severe
as regards atomic type Schrodinger operators since it allows only for 2-body
potentials. To illustrate, consider the Hamiltonian of an atom with an infinitely
heavy nucleus of charge Z and N electrons of charge 1 and mass

§
N
Zz 1
Py=S |-A - = |+ -
=X |- El 3

1<i<j<N |x = x|

Here x' € R” is the coordinate of the ith electron and A, denotes the Laplacian
in R” with respect to the variable x'. The (N + 1)-body Schrdédinger operator
P, thus acts in R”Y and has potential

N

1 1
X)=-Z) —+ -
q(x) o x| IS§SN Ix" — x|
which is bounded below at infinity only if N =1 (when ¢g(x) = —Z/|x|). How-
ever, for N =2 and Z < 1, Uchiyama [30] proved that H,, the selfadjoint
realization of P,, has only a finite number of bound states. For N > 2 Zhislin
proved in [37] that H,, has a finite number of bound states if Z < N -1, after
proving earlier in [36] that the number is infinite if Z > N — 1. Subsequently
(see [31, 33, 35]) the case Z = N — 1 was settled, establishing that H,, has a
finite number of bound states if and only if Z < N —1.

In this paper we consider a class of second-order elliptic operators which
includes multiparticle Schrodinger operators like P, . We deal specifically with
the problem of predicting the existence of only a finite number of bound states
and obtain a criterion which is natural for the problem and easy to apply, as
we demonstrate in a variety of examples. When restricted to the the operator
P,, our result easily recovers the criterion of Uchiyama [30] and Zhislin [36];
namely, that Z < N—1. Also the result, due to Zhislin and colleagues, that there
is only a finite number of bound states if the potential is short range is a simple
consequence of our result. We follow the general spirit of Agmon’s excellent
lecture notes [1] where the main interset is on bounds for eigenfunctions of
N-body Schrodinger operators. Our methods are geometric in nature as were
those of Uchiyama and Zhislin. The use of geometric methods in the study of
N-body systems dates back to early work of Zhislin [35] but their systematic use
is attributable to Enss [9], Deift and Simon [5], Morgan [17] and Simon [28].
Furthermore, the techniques of Sigal in [25, 26, 27] have also influenced our
approach. We refer the reader to Chapter 3 of Cycon, Froese, Kirsh and Simon
[4] for extra details and references: we express our gratitude to Professor Simon
for making available to us an early preprint of this chapter. Also we wish to
thank our colleague Yoshimi Saito for many helpful discussions concerning this
problem.
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We shall stick closely to the notation used by Agmon in [1]. For any open
set Q in R", H l(Q) will denote the Sobolev space of all functions u € L’ (Q)
such that the first distributional derivatives are in LZ(Q) s H 1(Q) is a Hilbert
space with norm defined by

1l @ / Vul + ul)

We shall also need the Kato space M(R") defined as follows. Let

x -yt ifn >3,

g(x,y) |1n|x yI| ifn=2,

ifn=1,

for x, y€R". Then, u€ M(R") if ue L, (R") and

lim lu(y)lg(x,y)dy =0

r—=0JB(x,r)
uniformly in. x € R", where B(x, r) is the ball with center x, radius r, in
R" . We shall denote by M, (R ") the space of functions u which are such that
for every x € R" there exists a neighborhood U of x such that AyUEM (R",
where x,, is the characteristic function of U.

2. THE GENERAL CASE
Let

(1) P:=- Zaiaij6j+q
i, j=1

9

in R”, where 0, denotes x and

(i) each a’ isa bounded, continuous, real-valued function on R";
(ii) the matrix A(x) = (a”(x)) is symmetric and its smallest eigenvalue
u(x) is a positive continuous function on R”;
n .
(iil) g € L, (R");

(iv) ¢q_ := max(—q, 0) € loc(]R ).

The assumption g_ € lOC(IR ) in (iv) ensures that the following result of

Schechter [23, Theorem 7.3, p. 138] holds: for any ¢ > 0 and any compact
subset K of R” there exists a constant C(¢, K) such that

(iv)’ /q_|¢|2dx§8/ |V¢|2a’x+C(8,K)/ |(p|2dx
K K K

for all ¢ € C°°(K ). This in fact is all we require and it is not necessary that
g € M_(R ”). Indeed, in §4, Example 6, we deal with short range poten-

loc
tials (when q_ € L"*(R")) which satisfy the above inequality but are not in

IOC(]R ). We assume (iv) in order that we may readily use some results of
Agmon [1] when we discuss the N-body problem in §3.
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Following Agmon [1], we shall use the notation

n ..
<VA¢, v,qW) = Z auaj(ﬂaiw
i j=1
and ,
|VA¢[ = (V‘4¢, VA(p> .
Associated with P is the sesquilinear form p defined by

ply, yl:= /R"{Wm, VW) +q9v}dx

for 9, ¥ € CS”(R"), and we write pl[g, ¢] as p{p]. We shall denote the

usual norm and inner product on LZ(R") by ||-]| and (-, -) respectively. The
Euclidean norm and inner product on R" will be denoted by |-| and (-, -)
respectively.

Proposition 1. Let (i)-(iv) be satisfied and suppose that
(2) Z(P):= sup [inf{p[p]: p € C5 (R"\K) and ||jp|| = 1}] > —o0.

K compact
Then p is a densely defined symmetric form which is bounded below and closable
in L*(R").
The proof of Proposition 1 is given in Appendix | but it is essentially Theo-
rem 3.2 of Agmon [1]. If « is a positive constant such that

2 2

(3) plol+alol” > lloll”, ¢G5 (RY),
then (p[-]1+ |- ||2)l/2 1S a norm on C§°(R") and these norms are equivalent
for all such a. If V' denotes the completion of C(‘,’o (R") with respect to one of

these norms then it is continuously embedded in LZ(R") and when identified
with a subspace of L*(R") it is the domain of the closure j of p in L*(R").
By the First Representation Theorem [15, p. 322] there is a selfadjoint operator
H which is bounded below and is uniquely determined by the properties
4 () DH)={uueV,PueLl*R")}; Hu=Pu;

(b)  plu,v]=(Hu,v), foreveryueZ(H)andvel .

This operator H is the same as that determined by Agmon in [1,Theorem 3.2],
where it is also proved that

(5) Z(H)={u:ue "R )NH. (R"), que L, (R"), PueL*R")},

(6) infa(H)=A(P):=inf{p[p]: 9 € CJ(R"), llp| =1},

(7) info,(H)=ZX(P),

where o(H) and o,(H) denote the spectrum and essential spectrum of H
respectively and X(P) is defined in (2). Note that in (4)(a) and (5), Pu isto
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be interpreted in the distributional sense. The original version of (7), under a
stronger hypothesis, is due to Persson [20].

To proceed, we need other characterizations of X(P) obtained by Agmon in
[1]. First we require the following definitions.

Definition 2. For w € S" ' = {w € R": |w| = 1}, 6 € (0, n) and R > 0
define the truncated cone

MNw:d,R):={xeR": (x, ) > |x|cosd, |x|>R}.
Let
X(w: 8, R):=inf{p[p]: ¢ € C; (T(w: 8, R)), lloll =1},
and

R—o0

K(w: P):= ‘lsim lim X(w:d, R).

Definition 3. For x e R", R>0, and B(x, R):={y €R": |y — x| < R}, let
Ag(x: p):=inf{plp]: ¢ € C5_ (B(x, R)), loll=1}.

The results of Agmon [1] that we shall need are contained in

Proposition 4.
(i) K(-: P) is lower semicontinuous on S"~' and

(8) 3(P) = min{K(w: P): € S""'}.
(i1) Ag(x: P) is continuous in (x, R) on R" x ]R{:L and
9) X(P) = Rlim llir'n infAp(x: P).

Part (i) of Proposition 4 and (7) motivate the first of the four parts of our
basic hypothesis # . Actually this part will not be needed until Corollary 11
and our main Theorem 12.

A (1) Suppose that K(w: P) assumes its minimum at only a finite
number of points {w,:k=1,2,..., m}C S"7' | ie. for every
weS""'\{wk:kz 1,2,...,m}and k=1,2,...,m

3(P)=K(w,: P) <K(w: P).

A form of the main theorem, Theorem 12 below, does hold when K(w : P)
assumes its minimum on a proper subset of S"~! with a sufficiently smooth
boundary. The authors intend to study the ramifications of that fact in later
work. For N-body atomic-type systems, it is reasonable to require that
K(w: Py) assume its minimum at only a finite number of points w, on st
see Agmon [1] and the discussion in §3 below. In this case the equivalent hypoth-
esis for a finite number of bound states is that X, > X(P,), where X, denotes
the infimum of the spectra of all possible “three-cluster decompositions” of the
(N + 1)-body Hamiltonians, the latter being (N — 1)-body Hamiltonians. The
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case in which X, = ¥(P,) can be somewhat pathological resulting in the Efimov
effect (see [7, 8]). We shall elaborate on these notions in §3 but for a compre-
hensive account, including full definitions and an up-to-date list of references
we refer the reader to [4, 21, 22].

Geometric methods have proved to be fundamental in the study of qualitative
spectral analysis of many-body Hamiltonians. A key ingredient is the so-called
IMS localization formula associated with a partition of unity defined in

Defirition 5. A family of functions {J/f} peB indexed by a set B is called a
partition of unity if
() 0<Jy(0) <1, x€R",
(i) Cpepds(x)=1, x€R",
(111) {Jﬂ}ﬁeB is locally finite, i.e. for any compact set K in R” we have
JB|K = 0 for all but a finite number of f € B,
(iv) J, € C*(R") forall g€ B,
2
(v) SquelR"(ZﬂeB [V Jp(x)] ) <oo.

Lemma 6 (The IMS localization formula). If {Jﬂ} pep 1S a partition of unity
and Q is an open subset of R", then for any ¢ € C;°(R"),

/Q [V.0" +alpl’] dx =" [Q [9.4,00 + aldgol* = |V T, ol dx.
peB

Proof. An elementary calculation gives
2 2 2 2, 2 2 2
|V,1(Jﬂ(/’)| = J/jIVA(/’I + |VAJﬂ| |¢| + %(VAJﬂ > VAl(pl )
on using the fact that the matrix A(x) is symmetric. On substituting in the
right-hand side of the asserted identity, and recalling that > 5 J; =1 the result
follows.

The IMS localization formula is credited to Ismagilov [13], Morgan [17] and
Morgan and Simon [18]; Sigal [25] recognized its importance to the problem
studied here. It is usually stated in terms of operators (see [4, p. 28]) but we
need it in the above form.

Next, we introduce a simple partition of unity which plays a leading role in
what follows. Although the cluster decompositions used in partitions of unity in
related papers are not mentioned specifically here or in the applications to the
(N +1)-body Hamiltonians in §3, their existence does underlie our construction.
This will be made clear in §3.

m

Lemma 7. Let {T'(w,:d,,3)},_,

ciated with points {w,};_, on S""'. Then there exists a partition of unity
{Jy, J,, Jy} which satisfies the following conditions:

(i) suppJ, C B(0, 1);
(i) suppJ, Cc U, T(w,: 6. %)

be mutually disjoint truncated cones asso-
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(iii) suppJ, C R"\ U, (@, : 6,/2, $)UB(0, §);

(iv) J, and J, are homogeneous of degree zero in R" \ B(0, 1);

(v) for any € >0 there exists a constant C, >0 such that

9,0 + VL0 < {8, (x)” + C,Jy(x) x|
forall xeR"\ B0, 1).

The proof is given in Appendix 2.

Hereafter we shall denote by D a bounded open subset of R" which contains
the unit ball B(0, 1) and is such that
(10) the embedding H'(D) — L*(D) is compact.
This is the well-known Rellich property and is satisfied if D has a continuous

boundary: see Edmunds and Evans [6, Chapter V] for this and other results.
As a consequence of the IMS localization formula we conclude that

2
(11) plo1= [ 19 0P +alofldx+Y [ 19,000 +ald,0P~I9 I ol
i=1

where D° = R"\ D. It was recognized by Uchiyama and Zhislin that for
P, the property of having a finite number of bound states depends on the
behavior of the potential in truncated cones: for P these are the I'(w, : J, , %) ,
k=1,...,m,in which J, issupported. This fundamental fact is reflected in
the next two parts of our basic hypothesis /Z . There is an implicit assumption
that D has a Lipschitz boundary.

#(2) There exists ¢, >0 and a function ¢ defined on 0D such that

L U900 + (g = e,bx )10 1 dx

ZZ(P)/ |J,(p|2dx+/ alJ g2 ds
D oD

forall 9 € C;°(R").
#(3) Forsome ¢, € (0, 1) and Cs2 >0

/ alJ o dx > —sz/ |VAgo|2dx—Cez/ o) dx
oD D D
forall ¢ € C;°(R").
Hypothesis #(3) holds if ¢ € L7(dD) for y = n— 1 when n > 2 and
y € (1, co] when n =2 (see [10, Lemma 1]).
The hypotheses #(2) and #(3) can be replaced by the single hypothesis
obtained by combining the two, namely

#(2') There exist ¢, , ¢, € (0, 1) and C,, >0 such that
L0900 + (@ = 2,10

zz(P)/ |J1(o|2dx—82/ IVA¢|2dx—C82/ o> dx.
D¢ D D
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However, we felt that it is helpful to express them separately, although we shall
revert to #(2') in our main Theorem 17 in §3 for technical reasons. We ask
the reader to bear in mind that in the rest of this section /#(2') can replace
#(2) and #(3).

Lemma 8. If #(2) and #(3) hold then, for all p € C;°(R"),

(12) plo1 2 X(P) [ 13,01 dx + hig],
D(
where h[pl = hlop, 9] and

Mo wli= [[(1-2)(T,0. ,0) +(a - C,)oT)dx
(13) b

+ [ 19,000, 9 ,0w0) + (= C, ¥ ) Bowdx.

Proof. Since A(x) is bounded, then by Lemma 7(v)

2
SOV < e, (x) + €, Jy(x) x|

i=1

for |x| > 1. On substituting this in (11) we obtain

plol > /D[|VA(0|2 +qlo[*)dx
+ [ 19,00 + (@ = x0T dx
+ [ 19,500 + (0 = €, )P 1dx

and (12) follows from #(2) and #(3) (or #(2)).

We shall regard the form 4 as acting in the weighted space Lz(R" cw? dx),
where

1 forxe D,

(14) wix) = { J,(x) forx ¢ D.

Also, we shall use the notation

/R (¥, (wp), ¥ (w)) dx

¢

= [V T widx+ [ (9,00). 9V (hy)dx

for ¢ € Cé”(]R"). Note that V ,(wg) is not defined on 9D.
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The final part of our hypothesis is
#Z(4) Given &; > 0 there exists Ce3 > 0 such that

= 2 2
/R” q_|w(p|2dx§83/kn ¥ (wp)dx +C, /R wel® dx

for all ¢ € C;°(R").
This part of the hypothesis compares with condition (1)(iv)".

Proposition 9. If #(2)-(4) are satisfied then the form h in (13) defined for
Q, Y€ C§° (R") is densely-defined, symmetric, bounded below, and closable in

L*(R"; wdx).
Proof. It is clear that A4 is densely defined and symmetric. Also, by #(4), for
all p € C;°(R"),
2 -2 2
hp 2 (1-2) [ 19,00 dx+ [ (a,=C 17 = C,)lhol dx

+(1—¢— &) ,/D |VA¢|2 dx+ /D(q+ -G, - C83)|(0|2 ax,

where &, > 0 is arbitrary. Thus, if ¢ = ¢,+¢&; <1 we conclude that there
exists ¢, > 0 such that

M1 (1o [ 9, we)fdx+ [ (@ ¢l dx.

Hence there exists a = a(e) > 0 such that
2 = 2 2 2
(16) o1 +alloll, > (1=¢) [ 19, wpiPdx+ [ a,fwol dx + ol

where ||-||,, denotes the norm in L*(R"; w’dx). It follows that 4 is bounded
below.

To prove that 4 is closable, we consider a sequence of functions ¢, €
Cy (R") satisfying

(17) he,-9,1—-0, lo,l,—0

as n, m — oo; we are required to show that A[p,] — 0. From (16) we see
that (17) implies

(172) [ 1% wlp, - 9,0 + wlp, ~ 0,7 1dx =0
(17b) [ @+ Diute, = g, dx— 0

2
(17¢) /]R" |lwe,|” — 0.

Since A is locally bounded below by a positive number, (17a) implies that
for any compact set Q, {weg,} is Cauchy in H '(Q) , 1.e., in accordance with
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our notation in (15), {¢,} is Cauchy in H' (DN Q) and {/,0,} is Cauchy in
H' (DN Q). Since H'(Q) is continuously embedded in L*(Q) ¢ L*(R") it
follows from (17c) that wg, — 0 in Hl(Q).

Since A4 is bounded above on R”, then for some C >0,

= 2 2
19 4wp, )1+ 1w, < Clwp, g, — 0.

Consequently, {wg,} converges weakly to zero in the completion of C,°(R")
with respect to the norm

U o)l + ol 1dx

and from (17a) we obtain
(18) [ 19 swo, ) + e, F1dx 0.

From (17b), {we,} is Cauchy in LZ(R"; (g9, + 1)dx) and in view of (17¢)
its limit must be zero:

(19) /R"(q++l)|w¢n|2dx—»0.

Since
Mg, )< [ 19, we,)F +a,lwp,[1dx

it follows from (18) and (19) that h[¢,] — 0 and so 4 is closable. The proof
is therefore complete.

Let 4 denote the closure of 4 in LZ(IR";w2 dx). Its domain Z(h) is
identified with the completion of C°( R") with respect to the norm ||-||, defined
by

(20) loll; := hlo] + alloll’,

where « is any positive number for which (16) is satisfied. Let H denote the
lower semibounded, selfadjoint operator in LZ(]R" s w? dx) associated with A
by the First Representation Theorem, i.e.

(Hy. ), =hly. 9]
forall w € D(H) c D(h) and ¢ € D(h), where (-, -)
L*(R"; w’dx).

Next, we establish a result of the type obtained by Persson in [20] for the
least point of the essential spectrum ¢,(H) of the above operator H .

Theorem 10. Let 77 (2)-(4) be satisfied and with B, :== B(0, k), k=1,2,...,
define

.« 18 the inner product on

I, = inf{h[p]: 9 € C5 (B, liell,, =1}
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and

[:= hml =sup/, .
k—o0 k>1

Then
info,(H H)=1.

Proof. Let A€ ae(ﬁ ) with a singular sequence {y,}, i.e.
v, €DH), lwl,=1, v,—0, (H-ADy,—0
in L*(R"; w?dx). Forall ¢ € D(h) we have
hly, . 91 = (1H = 1y,,, 9), + 4w, 9), —~ O

and

(Wn ’ ¢)h = il[l//n ’ ¢] + a(‘//n ’ ¢)w - 0
Thus y, — 0 in D(h). Since Cy’ (R") is dense in D(k), there exists a se-
quence {¢,} in C;° (R") such that |y, —¢,|l, = 0 as n — oo. This implies

that ¢, — 0 in D( ), v, —@,ll, — 0 and ¢, — 1 since |y,|l, =
Also from

kv, ] = (LH = A1y, , v,),, + A1, |I5, — A
it follows that h[p,] — A. Hence, in summary we have
(a) ¢,€Cy (R,
(b) ¢,— 0in D(h),
(
(

(21)
C) ”¢n”w - 1 >

d) hlp,]—4.

Let k be a sufficiently large positive integer in order that D C B, and choose
6 € C;°(R") to satisfy

9 1 forxeB,
(x) = 0 forx¢B,,,

6(x) € [0, 1], and |VO(x)| is bounded on R" . Forall ¢ € C;°(R"), (1-0)p €
Cy (B;) and so

L1 = 6)p1l, < AL(1 - 0)p)
= [ 19,11 - 01,0 + (@ - €, It - 610l 1dx

< (143, /B 0) |V ,(Jy0)f dx + C(6,) / ‘ol dx,

k k+1

(10 )'la, - C, 1xI”" 1= a_ +na_}| 0" dx,
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where J, > 0 is arbitrary and n=1— (1 - 6)’ e Cy (B, )
<+o) [ 19,000Fdx+ [ @=C, 10l dx
k k

+ [ na_+C el dx o) [ 1ol
k

k+1

<hlpl+ 3, [ 9,00 dx+ [ nia_+C, k)l dx
k k

+/B (a +CEZ)|¢|2dx+C(6O)/B o dx
k+1

k

from (13). Hence, from (16) and (20), for any J, > 0 there exists C(d,) > 0
such that

LI = 0)gll}, < L]+, lloll; + /R ng_lwl’ dx + C(8,) /B lwol*dx.
k+1

By #(4) and (16), given any J, > 0 there is C(d,) > 0 and an absolute
constant C > 0 such that

1/2
/nq_lwcolzdxs{/ q_lwwlde/ q_Iwn¢|2dx}
R’l ]Rﬂ R'I
1/2
< Cloll, { S0l + C(5,) /B |w¢|2dx}
. k+i

since 7 = 0 outside B, ,. On substituting in (22) with ¢ = ¢, , we obtain if
[,>0

LA, = 100,03 < L1 = 6)e, 12,

<hlp, 1+ 8o, +CO) [ wo,dx
(23) By,

1/2
+Cllo,ll, {5§Ii¢,,lli +C(8y) /B Iw(pnlzdx} ;
k+1

this remains true for /, < 0 if the sign is reverse in the first bracket.

The next step is to prove that fBA_ 1 |w(pn]2 dx — 0. Since ¢, — 0 in D(h)
we have that ||p,||, < C. Hence from (16) and the fact that 4 is positive, we
get

/B (¥ (we, ) + lwe, 1dx < C(k).

k+1
Hence {wg,} is precompact in Lz(Bk 1) - Thus there is a subsequence (which
we continue to denote by {wg,} for simplicity of notation) such that we¢, —
®, say, in L2(Bk .1)- Let x,., denote the characteristic function of B, .
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2 2
Then @y, /w € L°(R"; w”dx) and

/ ® dx = lim / (we)Bdx
e Bk+l

Bk+l
-1

= nlLr&(¢n ’ cI)Xk+1’w )w

=0

since ¢, — 0 in D(h) implies that ¢, — 0 in L’ (R"; w dx) This last
assertion follows from the fact that A is closed and hence D(%) is continuously
embedded in L’ R"; w dx). Hence ® =0 and

/ |w(p"|2 dx —0

k+1

as asserted. On allowing n — co in (23) and noting that

2 2
160,12 < / we, [2dx,

k+1
we obtain from (21) that
[, <A+ Cl[6, +3d,].
Since d, and d, are arbitrary and C is independent of k we conclude that
! <4 and hence / < info,(H).

We now prove that / > infae(fl). Let u < infae(I:I). Then in (o0, u),
o(H) consists of a finite number (M say) of eigenvalues 4, » repeated according
to multiplicity, with corresponding eigenfunctions y, say. Then, for all ¢ €
D(H),

M
13[¢]=(1‘~1¢,¢)=}:/1,,|(¢,vx,,)u,|2+/ Ad(E 9, 0),
n=1 H

where {E,} is the spectral resolution of H,

> ihl((ﬂ, W)l + 1 {/_w —/_—u} d(Ey@, 9)y>

M

(24) =Y 410, vl +ulell, —uZw Vo)l
n=1 n=1
M

2 2
(A, =W, w,),I" +ulel, -

3
It

Since D(H) is dense in D(h) it follows that (24) also holds for all ¢ € D(h).
Now choose ¢ ;€ C(§’° (R"), j=1,2,..., with disjoint supports and such that

(25) Rl =1, llojll, =1
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Since {(pj} is orthonormal, 9, — 0 in LZ(R" cw? dx) and hence on allowing
j — oo in (24) with ¢ = p; we get
[>u.
Since u < inf ae(ﬁ ) is arbitrary, we conclude that / > inf ae(ﬁ ) and the proof
is complete.
Corollary 11. Under the hypothesis of Theorem 10
min{K(w: P): we S '\U} <!

for an open set U containing the unit vectors {wk};" in Lemma 7. If, in addition
H (1) is satisfied relative to {w,}\", then E(P) < | and hence H has only a
finite number of eigenvalues (counting multiplicity) below X(P).

Proof. By Lemma 2.3 of Agmon [1], for all ¢ € C§°(DC) and any J > 0O there
is R; such that

ol = [ 19,500 +(a = €, el ol
> [ IAglxi P =3 = C, x| Il dx
Rn 1

whenever R > R;, Ag(x: P) being defined in Definition 3. Hence, for k
sufficiently large and R > R;
[, > inf{Ag(x: P): x € (supp J,) N B} — 26
whence
[ > likm inf{Ag(x: P): x € (suppJ,) N B, } — 20
— 00
and, since ¢ is arbitrary and R > R; is the only restriction on R, we have

(26) [ > lim liminf{A4(x: P): x € (suppJ,) N B, }.
R 0o

i
— 00 k—»

It follows from (26) that given 6 > O there exist R, and a sequence {x,} C
(supp J,) N B, such that for k large

> ARI(xk: P)-9.
From Lemma 7 it is clear that there is an open set U containing {wk}’l" such

that x, /|x,| € st \U. Since {x,/|x,|} is bounded it contains a subsequence

converging to some w, € s \ U . Therefore, for every ¢ > 0 there exist N,
k, > 0 such that
B(x, ,R)) CcT(w,: ¢, N,)

with k, — oo and N, — oo as & — 0. This implies that
AR‘(ka: P)>X(w,: ¢, N,)
by Definitions 2 and 3. Thus
[>X(wy:e,N,)-6

whence
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[ > K(w,: P)
and the first part of the corollary is proved. The remainder of the proof follows
since / = infg,(H) by Theorem 10.
Our main result is
Theorem 12. Let (1)(i)-(iv) and #(1)-(4) be satisfied. Then H has only a
finite number of bound states.
Proof. We first show that (12) has an extension to ¢ € Z(p). By definition, if
@ € Z(p) then there exists a sequence {¢,} in C5’° (R™) such that
plp—9,1—-0, lo—9,l—0.
If a is such that (16) holds, we deduce from (12) that
2
0<hlp,—9,l+ale, —0,ll,
2
<ply, — 9,0+ @+ Z(P)Dle, —¢,l" — 0
since w(x), J,(x) €[0, 1]. Hence A[p, — ¢, ] — 0 and
e, — ¢l <2llo, -0l —0.
This implies that ¢ viewed as an element of L’ (R": w? dx) isin 2(h) and
hle] = lim,_,__ hlp,]. On putting ¢ = ¢, in (12) and allowing n — co we
obtain
N 2 z
27) plo1=>X(P) [ 17,0l dx+ hig]

forall p e Z(p)C D (h). R

We know from Corollary 11 that H has only a finite set of eigenfunctions
E :={y,,..., y,} corresponding to eigenvalues below Z(P). Let ¢ € Z(p)
be orthogonal to {wzt//l yeees wzt//k} in L? (R"). Then, from above, we have
that ¢ € Z(h) and is orthogonal to E in LZ(R”; wzdx). Hence

hlp1 > (P)loll;,
and from (27)

o) > XP){ [ 1ol dx+ [ 1nof dx [ 0P dx} = zpor

since le +122 =1 in D°. It follows that H has at most k¥ bound states.

In [29] Simon gives a result (Theorem C.8.2, p. 517), largely due to Allegretto
and Piepenbrink, which is related to Theorem 12, but with conditions on ¢
which are too severe to include applications to N-body Schrodinger operators
for N > 2. Simon conjectures that the implication (a) = (c¢) in his theorem
is true under a much weaker hypothesis. If his conjecture is true then our
conditions #(2) and #Z(3) could be simplified.

3. (N + 1)-BOoDY SCHRODINGER OPERATORS

Here we apply the results of §1 to an important special case of the formal
operator P in (1). We refer the reader to Agmon [1] for elaboration of many
of the facts which we use.
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Consider an atomic type system of N particles (N > 2) each moving in
v-dimensional space R” relative to a fixed nucleus that is assumed to have
infinite mass. The coordinates of the particles are denoted by x' e R”, i =
1,2,..., N, with the nucleus at the origin of R”. The formal Schrédinger
operator for such an (N + 1)-body system is of the form

N N
(28) P=-50m) 'A+Y v,V + Y v, -y,
i=1 i=1 1<i<j<N

where A; denotes the v-dimensional Laplacian with respect to the x' variable
and m; is the mass of the ith particle. When the particles are electrons moving
with respect to a fixed nucleus of infinite mass, each v, represents the binding
force of the nucleus while each v, ; represents the repulsive force between the
ith and jth electron.

The configuration space X of the system consists of the product of N copies

of R”,i.e. X=®LR". Points x € X are of the form x = (x', xz, ceey xN)
where x' € R” and if x' = (x|, x;,...,x,), then x is identified with the
point (xll , x2' e x; , xlz, e xll,v) n R"N; let I denote the identification
map. We define on X the new inner product

N . .
(29) (x, ¥y = 2mx', y),

i=1
where x = (xl s x'), y = (y] e yN) and (-, -) is the Euclidean inner

product on R”. This is related to the Euclidean inner product (-, ) on R*"

by

(x,¥)y =(GIx, 1Y),
where G is the (vN) x (vN) diagonal matrix with diagonal blocks (2m,I ,
2m,l,, ..., 2myl,), I, being the identity matrix on R”. The identification
map [: x — R“Y is viewed as the coordinate map of the v N-dimensional
Riemannian manifold X with the inner product (-, -, ), . The gradient V, ¢
of pe Cl(X) is the function
—1 -1
Vie(x), ..., (2my) Vye(x)),
where V, is the gradient with respect to x'. The Laplace-Beltrami operator on
X 1s

V.o:x—((2m,))

N
—1
Ay =) (2m) A,
i=1
With this notation the formal Schrodinger operator (28) can now be written as
P=-A,+V,
where V' is the potential of the system; namely,

Vi)=Y v, (x)+ Y w(x'—x).
i=1

1<i<j<N
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The sesquilinear form p, associated with P in L2(X ) is given by

oo vi= [ TPodyx= [ (50, 9,7+ VoI dyx

for ¢, v e C(‘)”(X) , where the measure @, x induced by (-, -), on X isgiven
by
dyx = \/§dxl cdx”

and g =detG =2"" [, m’. Thus
. -1 1 N
(30) pyle, "’]=\/§/®~ RV{Z(zmi) (V,¢,viw>+VW} dx' - dxN .
i=1 i=1

The map

1 1

-
pol
is unitary from L*(R"") onto L*(X) and furthermore, for ¢, ¥ € C3°(R

Uip—g
vN
)

N
-1 — —
(31) pxlUg, Uy] =/w~ {Z(M,») (Vie, VW) + VW} dx =:ple, yl,
i=1
where p is the form associated with P in L*(R"").
We shall assume that the functions v, ; in the potential V' are real-valued
and satisfy

() v, €L (R)and lim v,(y)=0 for0<i<j<N,
y|—o00
(32) (i) v;20 forl<i<j<N,
(iii)  (v,;)_ € M (R") for1<i<N.

As noted in §2, we may replace 32(iii) by the analogue of 1(iv)’'. We shall use
this fact in §4, Example 6.

In [1, Lemma 4.7] and the discussion [1, pp. 67, 71] Agmon proves that the
conditions (32) ensure that P satisfies the hypothesis of Proposition 1(with
g = V') as an operator in R“Y and hence p is bounded below and closable
in L*(R"Y). From (31) and the fact that U: L*(R""Y) — L*(X) is unitary, it
follows that p, is also bounded below and closable in L’ (X). Furthermore
(31) extends to the domains of the closures p,, p of p,, p respectively, i.e.
D(py) =UZ(p) and

pylUp, Uyl =ple, v]
forall 9,y € Z(p). If H,, H are respectively the selfadjoint operators
associated with j, , p by the First Representation Theorem then

H,=UHU".

Therefore H, and H are unitarily equivalent and thus share the same spec-
tral properties. We refer to H, as the selfadjoint realization of the formal

Schrodinger operator P for the (N + 1)-body system in L’ (X).
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For each unit vector w € X (i.e. |o|y = (0, w)y 12 = 1) set
J(w):={ie{l,?2 ,...,N}:a) =0}
and
={xeX:x'=0ifi ¢ J(w)}.
If M = #J(w), then X is the configuration space of a system of M + |
particles with formal Schrodinger operator

(33) Zl @m)~'A + U, (] + Y v —x).
ieJ(w i<j
i, j€J(w)

If I, is the identification map X, — R"" and g, = 2" Micsw)

onto Lz(Xw). The form

m; , then
U, ¢+ gclu/“(p ° 1(;1 is unitary map from L*(R"™)
associated with P in L2(X ) is given by

(34) ’

pxw[w,u/]=\/§w/ Y em) Ve, V) +v,07]

:E!llu)]R ieJ(w)

+ D U0V ® dx'
i<j ieJ(w
i,jeJ(w)
for 9,y € Cg°(Xw). It is bounded below and closable in Lz(Xw) and we
denote the associated selfadjoint operator by H, .
In [1, Lemma 4.11 and the subsequent discussion] Agmon proves the fol-
lowing characterization of the function K(w: P) in Definition 2 for w a unit

vector in X . The truncated cones are now
[y(w:d,R):={x€X:(x,w), >|x|[ycosd, |x[y >R}

and
Z(w:d,R) mf{pX[f/)] peCy (Fy(w:d, R)), lloll =1}
where || -|| is the norm on L (X).
Lemma 13. If (32) holds then
(i) K(w: P) = inf{py [p]: ¢ € Co (X)), llll 2y, = 1} = infa(H,) if

J(w) # 2 and K(w P)=0 otherwzse
(i1) info,(Hy) = minlw|=I K(w: P)=2%(P);
(111) max,,, _, K(w: P)=0.

An important consequence of Lemma 13(i) is that K(w: P) takes only a
finite number of values as w ranges over the unit sphere in X since there are
only a finite number of possible forms p, . Also from Lemma 13(i) and (ii)

(35) infg,(H,) = |mli_nl[infa(Hw)]
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and this constitutes the main part of the celebrated HVZ theorem (see [12,
25, 32, 35]). Following Agmon in [1] we classify this alternatively as follows.
For each proper, nonempty subset J of {1,2,..., N} define

X, ={xeX:x'=0ifi ¢ J}

and let H, denote the selfadjoint realization in LZ(X ;) of the formal operator
P, defined as in (33) with J(w) replaced by J . Then

(36) info,(Hy) = mjin[infa(HJ)],

where the minimum is taken over all proper nonempty subsets of J .
The first part of our main hypothesis in this section is

(1) info,(Hy) < min [info(H),)].

This assumption corresponds to Sigal’s hypothesis in [25, Theorem 4.3] that
info,(H,) is determined only by two-cluster breakups, i.e. info,(Hy) is de-
termined only by N-body Hamiltonians. In the event that equality occurs in
&/ (1) a phenomenon known as the Efimov effect may produce infinitely many
bound states even if ' has compact support.

If &7 (1) is assumed, then in Lemma 13(ii)

info,(H,) = K(w: P)

only if, for some i€ {l1,..., N}, o' #0 and o’ =0 if j # i. Since each
w' € R”, there are v mutually orthogonal choices for ' and by Lemma 13(i),
K(w: P) is the same for each.

Let {e(1),...,e(v)} be the canonical basis for R”, i.e. e(i) has 1 in the
ith position and O elsewhere, and set

w(i,j)=(0,...,0,0'(j),0,...,00€ X

where '(j) = (2m,)"'?e(j). Then w(i,j), i=1,...,N, j=1,...,v,
are unit vectors in X and from above K(w(i, j): P) does not depend on ;.
For R > 0, define

Dp:={xeX:|(x,w(,j)yI<R, i=1,...,N, j=1,...,v}
={xeX: x'|<R 2m., i=1,...N, j=1,...,v
(37) {N Ix;| <R/ i J }
= Q(—R/y/2m;, R/\/2m})"
i=1
and set
(38) T =Ty, j): 60, )), §)

where the J(i, j) are small enough to ensure that the truncated cones l"; are
disjoint in X . In what follows the partition of unity {J,, J,, J,} will be that
constructed in Lemma 7 but now relative to the truncated cones l"j. in X, and
the set D in hypothesis # will be D, in (37) with R sufficiently large.
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Lemma 14. Let (32) be satisfied. Then for R sufficiently large V satisfies #(4)
on q with D= Dg.
Proof. Since V_ < Zi 1(v,,)_ , it suffices to prove that each v, satisfies #(4).
Let D, = (-R/\/2m,, R/\/2Zm,)", the v-dimensional cube in R”, and
choose R to be sufficiently large that D, > B, (0, 1), the unit ball in X,
and (v,;)_ € L*(R"\B,(0, (R-1)/\/2m,)) in accordance with (32)(i), where
B,(0, r) denotes the ball center 0 and radius r in R”. Since (v,;)_ € M, (R")
by (32)(1ii) we obtain from Schechter [23, Theorem 7.3 on p. 138] (see also
Lemma 0.3 in Agmon [1, p. 10]) that for any ¢ > 0, there exists a constant
K(e, R) such that

(39) / (voi)_lwt//lzdxi < 8/ |Viu1y/|2a'xi+K(a, R)/ |wa//|2dxi
D! D D

R

for all y € C;°(X) which have supports in D; as functions of x' (i.e. when
X, J # 1, are fixed). Note that w is now defined with respect to D = D, and
hence is | when x € D, and J,,a C °° function, otherwise.

The next step is to construct a partition of unity {4, A,} in R” asin Lemma
7 of Appendix 2. These functions lie in C°°(R") and satisfy

(i) h+hi=1 inR’,
(i)  supph, C B,(0, R/\/2m,),
(40) . R-1
(111) h,=1 inB, (0, ﬁ) ,
(iv)  |V,h°+|V,h,|° is bounded in R” .
It follows that
2

2
(41) S V. (o) = 19,00 + 1ol (Z |V,h,|2) :
=1

I=1
(e . i .
Thus, for ¢ € C;”(X), h,¢ hassupportin B (0, R/\/2m,) C Dy as afunction
of x', and for any ¢ >0,

v s
/(voi)_lwmzdx':/ (v,,)_lhywe| dx'
R” B,(0,R/\/2m)

2
+/ (v,;)_lhywe| dx,
R“\B,(0.(R—1)/{/2m))

: 2dx! 2
< @m) /D;e IV (hywe)|"dx + K(e, R)/D;{ lwh, p|” dx

+K(e,R)/ lh,we|* dx'
R
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since (v,,)_ is bounded outside B, (0, (R-1)/\/2m;) in R”,
€ 2 i 2,
< = V.(w dx +Ke,R/ we| dx
G Jy, i) B [ ol
58/» |VX(w(o)|§(dxi+K(a, R)/ |w¢|2dxi
D, R¥

on using (40)(i), (iv) and (41). On integrating with respect to x', j#1i,over
R” we obtain

2 = 2 2
/X(voi)_lwm dXxSs/XIVX(wqo)|XdXx+K(s, R)/Xlwwl dyx
and the lemma is proved.

We denote by p,[¢, v: Q] the form (30) but with the integration over a set
QcX,andfor k=1,2,..., N we define

(42) 1,0p, w: Q= /Q @m) " (V0. V,¥)

k i J —
+ |v,(x7) + E V(X —x) | oW o dyx
i<j
i=k or j=k

for ¢, ¥y € C;°(X).
Lemma 15. Let (32) be satisfied. Then for 6(k, j) sufficiently small

palo: TS\ DRl 2 5(P) [ L JoPdyx 45 lo: T3\ Dy

forall g € C(‘,’°(1'Jj).
Proof. First we show that for d(k, j) sufficiently small
(43) T\ Dp =T5 \{x € X: |x|| < R/\/2m,}.
The set on the right in (43) is obviously contained in that on the left. Let
X € 1"'; \ Dy . Then

2m x| = |(x, w(k, j))y| > x| cosd(k, j)
and since x ¢ D,

X1 > R/\/2m,

for some i and /. Thus

2 .
k2 i2 k,2.cos 6(k, j)
i 17> (mylx "+ my |x; | )T
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whence

k2
;|

[ m_costotk. )
My (1 —cos™ d(k, J))
for d(k, j) small enough. Thus (43) is proved.
N—1 v
Now weset ¥ =@, R" =X, , .
(y,z) where y € Y and z = x* € Z = R”. We shall also denote this

decomposition as X = Y ® Z . If I1, denotes the projection of X onto Y we
then have from (43) that

}Ix;|2 > R’/2m,

We may view any x € X as x =

T\ Dy = (I,(C) @ {z € Z: |z)| > R/\[2m,}.
Hence, for any ¢ € Cg°(l"f),

p,\/[(o: r‘f\DR]_ T/\-[(p: ri\ \DR]

11/2 .
2m, / ) o)L (T2
2 |:,|>R/\/mp"m,,.[‘/’( ): T1,(T))]

2 v/2 ) : ©, Z 2: z
> (2m,) /|:,|>R/\/MK(w(k’” P)lig(-. )32y, d

by Lemma 13(i),
>5(P) [ loldyx
X\Dy
by Lemma 13(ii). The lemma is therefore proved.

We are now in a position to prove the main theorem in this section which
follows as a corollary of Theorem 12. In an heuristic sense the theorem states
that, in the absence of an Efimov-type effect, there will be no more than a finite
number of bound states provided that (for each i = 1, ..., N) the repulsive
strength of the ith electron with the other electrons is larger than the binding
strength of the nucleus when the ith electron is at a much greater distance from
the nucleus than any other electron.

Theorem 16. Suppose that V satisfies (32) and that &/ (1) holds. For i =
1,2,...,N,and j=1,2,...,v, let I“j be defined in (38) and let Dy be
defined in (37). Suppose that R is sufficiently large and (i, j) sufficiently small
for Lemmas 14 and 15 to be satisfied. If there exist €, , &, € (0, 1) such that

Gl TAD =5, [ el dyx
(44) O

2 2
> o, [ IVoldx-cC, [ lofdex
Dy T Dy

for all ¢ € Cg"(l"j.) and all values of i, j. then H, has only a finite number
of bound states.
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Proof. We have already noted that (32) implies that p satisfies the hypothesis
of Proposition 1. Also /(1) and Lemma 13 imply that #(1) is satisfied while
Lemma 14 establishes /7 (4). Lemma 15 and (44) yield

plo: TAD =2, [ el o) dyx
X\Dg

EZ(P)/ |(p|2dXx—82/ lV(pldex—Csz/ l(plzdxx.
X Dy Dy

R

Hence the hypothesis /#(2'), which can replace #(2) and /#(3) in Theorem
12, is satisfied and the theorem is proved.

We express the hypothesis (44) thus, rather than in terms of a function ¢ on
90D, in accordance with #(2) and #'(3), because it is easier to verify in the
examples discussed in the next section.

Theorem 16 is comparable to Theorem 4.3 of Sigal [25] or Theorem 3.2.3
in Cycon, Froese, Kirsch, and Simon [4]. There the hypothesis corresponding
to &/ (1) is that info,(H,) is attained only by two-cluster breakups and he

also assumes that a one-body Hamiltonian of the form —(1 — n)A + Wf on
LZ(Xa) ~ LZ(R") has only a finite number of bound states for all 4 > 0 and
some 5 € (0, 1); the potential Wf is given by

W, = Ly +3 (" L) v®) = (v Lgv™’)

where for a given cluster decomposition a, I, is the intercluster interaction
and y is a certain normalized ground state related to the internal Hamiltonian
of the cluster decomposition a: the function yx, is the characteristic function
of the suppj, where j, is an element of a Deift-Agmon-Sigal partition of
unity corresponding to the cluster decomposition a. We refer the reader to
[4, 22] for explanation of these terms and further details. Sigal notes in [25]
that the above result is essentially due to Zhislin and his colleagues [2, 31, 35,
37, 38]. Also it applies to the general N-body problem of which P in (28)
is a special case (see [1, pp. 78-80]). Two applications of the result are given
in [4, 25], the first to N-body short-range potentials and the other proving
Zhislin’s result in [37] mentioned in §1. However, as mentioned in [4], the
theorem is “abstract” in the sense that applications are very difficult requiring
knowledge of the ground states y“ , etc. Our alternative hypothesis (44) appears
to be much more amenable to applications as we demonstrate in §4.

4. EXAMPLES

Let
] k !
(45) Vix)=v,(x)+ Y ,(x —x)
k:ikcfrll=i

denote the potential in 7,[-]. We now give examples of V, for which (44) is
satisfied. Of course, Theorem 16 requires that V' satisfy condition (32) as well
as & (1).
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Example 1. Suppose that

’

(46) Vix) = v,(0x7 )+ 3 v’ —x ),
k

=1
k#1

4

where the v, are nonincreasing and for some J > 0

(47) liminf { x'[*v,,(1x']) + }N: v ([1+6]x']) p > 0.

|x'|—o00 ?65
Then (44) is satisfied for R sufficiently large and (i, j) sufficiently small.
Proof. If x e I";. we have, for any k # i,

2mi|x;|2 > (2ml.|,~c"|2 + 2mk|xk|2)coszé(i, J)

1/2 , .
) < [(%—) tand(i, j)] X' < ]

whence
k
for 6(i, j) small enough. Also, by (43), any x € I";DR satisfies
X' > |xj > R/

From (47) there exist positive constants ¢,, R, such that

i Al i 2e,
v (1X D)+ Y v ([ +8)x ) > =
x
#i

for |xi| > R, . Thus, from |xi - xkl < (1 +6)|x'| and the assumption that the
v, are nonincreasing, we obtain

€
v»(X)—— (XD + 3 w1+ 01x")) - ——2———2
P ; P |
k#i
forall xelI' j \ D, with R large enough. The assertion is therefore proved.
An important special case of Example 1 is

Example 2. Let Z € R and
AV

-Z 1
48 Vix) > ——+ —% 7
(48) i |XI|"’ ; |X, —Xklﬂ'
k#i
Then (47) is satisfied in each of the following cases:

(1) 0< B, <ay,
(i) Z<N-1and 0< B, =q,.
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(Condition 32(iii) further requires that each o; < 2.)

Proof. For any & > 0 we have in the notation of (46)

v (1X']) + Y v, ([1+ 811x"))

k=1

k#i
> 1z (48 Pt
NE o7
= (N = D)(1+8) P[0y

It now easily follows that (47) is satisfied in both cases for J small enough.
The case o; = , = 1 of (ii) is the result of Uchiyama [30] and Zhislin [37]
mentioned earlier. To deal with Z = N — 1 when o, = B, = 1, it appears
that properties of the ground state of an N-body operator are needed; see [25].
In order that each (v,;)_ € M, (R”), as required in 32(iii), each a; must be

loc
strictly less than 2 (when v > 2).

In the remaining examples, I1; denotes the projection of X onto the ith
copy of the R”. Hence, with {e(1), ..., e(v)} the canonical basis for R”,

n» rl- D = I: l, ] ! 6 ', ] ’ ' ’
i(I';/Dg) {x (x", e(j)) > |x|cosd(i, j) |x|>\/m}
: R R\
Dhi=MD,=|-—e, ——
R iR ( Q_mi’ /Z‘—‘m’)
and —e(j) is the outward normal to IT,(I")\ Df .

Example 3. If v > 2 and

2 v -2)°
(49) liminf |x| Vi(x) > —
R—00 x€T\Dj 8m,

then (44) is satisfied for R large enough.

Proof. The crucial step is the result obtained from the Friedrichs inequality in
[16, Theorem 1] with the choice of g(x') = In|x'|. Itis that forall ¢ € C (F )

- Tolax > Uo [ it
2ml. n’(rj)\D' 8m I, ( F’ N\D

MUEL LY S
8m; dDRNI(T) |x|
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Since |x'| = R/\/2m; on BD; ml'I,.(I“j.) , we have that

Vol +Vix (p}d
/ ,<r;>\o;{2m' 2+ V)l

>

> Vi(x) oI dx' |
/rl,(r;)\D;{ ! } 4\/7 iR Jopinn,r)
o[ el ax’ —/ ol ds

I1,(I)\Dj 9Dy,

for some ¢, > 0 and R large enough, on using the hypothesis. For any ¢, > 0
there exists ng > 0 such that

2 2 2
[ efdss [ 9ol +C ol dx
0DRNI1(T) n,(r'nb, 2

i\ R

Hence, in all we have

€ 2 i
|V¢l+< (x) = —'>[¢|}dx
/n,<r;>\D’R{2’" |x|?
> —82/ V.ol dx' - C, / o dx'.
I1,(I')NDy (F)HNDY

From (43), if x € l“j. and x' € D; then we must have x € D, if (i, j) is

(50)

sufficiently small. Hence, for x' € D; fixed, the support of any ¢ € Cg"(l"j.)

lies in D, . Consequently, on integrating (50) with respect to x* for k #1,
we obtain (44).

Exampled. Let v > 2, f € Cz(R") and for x € F;\DR suppose that for some
e >0

€ i
(51) (Vi(X))—+|;|-SAIf(X)
and
(52) lim  sup x|V f(x)] < L2
R—00 eI (T \DY ! 8m,

Then (44) is satisfied for R large enough.

Proof. The proof is based on that of [10, Theorem 9]. Choose R sufficiently
large that
v-—2

8m,

X1V, f(x")] <
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for x € I"; \ D, . Then for ¢ € Cg°(l"j.)

[ .[( V,(x))_ +—}|¢ () dx’
1,(T')\Dj |x|*

s/ Ao dx’
l'l(l")\D

()

IA

—/ Vel ds+2/ VIV, ollgl dx’
1,(I")na Dy

(v =2) i—1 i

v Mol de-+ X7V 0lleldx

1,(I")nd Dl I0,(T)\ D

-2 j =2 2
/ [ I e PN ]|¢| ds
l'l(l")ﬁdD' ,

+ ——/ |V‘¢| dx'.
2m; Jnrno,
Hence

[ .{5'—vi¢|2+(vi- )|¢I }dx"z/ allds,
IT\Dy | <™ |x|? 11,(r')na Dy

where o is bounded. The rest follows as in Example 3.

Our next example is an application of Example 4.

Example 5. Let v > 2 and suppose that there is a function Q € LlOC(O, 00)
such that for x € Fj \ Dy

(53) (V(x))_ < Q(x"])
and

R e v—2
(54) fim |>SRl?z/W|X| /R o di < g

Then (51) and (52) are satisfied.

Proof. From (54) there exist positive numbers ¢&,, R, such that

. [x]
i2—v v—1 v-2
x| /R Q) di + 26, < =

i

for xerj.\DR and R > R,. Let

/ / ) u)duds +¢;Int.

I
/ () dt + ¢,

0

Then
j j [ 12—V
X1V, £ (xD)] = |x|
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and . ‘ -,
AS(x']) = QUX|) + (v = 2)gqlx"| 7.
Thus (51) and (52) are satisfied.

The final example gives the result of Zhislin and colleagues on short-range
potentials.

Example 6. Let v > 3 and in (45) suppose that (v,;) € L"*(R") and v, 20
for k # 0. Then H, has only a finite number of bound states if .2/ (1) is
satisfied.

Proof. Let ¢ € C§° (l";.). By Holder’s inequality and Sobolev’s Embedding
Theorem (see [6, Theorem II1.3.6]) we obtain

2.0 2, 2 5 RN I
/ (v,,)_lo| dx' < / (Uo,-)'i/ dx’ {/ Pl )dxl}
R"\D;z R‘/\D;{ R
. 2/v ‘
s7 (/ (voi)':/z dx') / |V,~</’|2a'x'
R\ D%, RY

for some constant y. Given ¢ > 0 we choose R = R(¢) such that

2/v
/(/ (voi)'i/zdx'> <e2m;,  (i=1,...,N).
R"\D),

Then, we have

(55) / (vo,)_|¢|2dx"<s/2m,./ V.ol dx'.
R"\D), R
Also, Hardy’s inequality gives
lo* i / o 2.0
56 T odx < V.| dx .
(56) 2 x|’ 27 Rul 9

Hence, for all ¢ € Cg°(l"j~) ,

1 2 & 2 i
— V. + | Vi(ix) - — dx
/R»\D;{Zm,-' ol [,( ) Mz]m}

8m, ;
> [1-g- 2 S€ / LIV,»(/?|2d)c'
(v =2) R"\Dj 2’"1
€ 2, 4 2,
- Vol dx — s/ V.o| dx
Im /0;| 4 ”_2) D;| i?|

1

which yields (44) on choosing ¢, = ¢ < (1+ (%"2‘7)_ and ¢, = (2#%+;12?)8;
recall that in view of (43), if the (i, j) are small enough, any x € l";. with

x € Dy must lie in Dp.
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We must next show that #(4) is satisfied under the present hypothesis.
First, we write (v,,)_ = h,;+hy;, where h,, € L(R") and ([g h'z’i/2 dx')z/y <
¢/2m; . It then follows that for all ¢ € C;°(X)

/Ru(”oi)—uz‘/"z dx' = /]R.,(hli + )0l dx'

2/v
2 v/2 2
< Ul ool + 7 ([ 127 ax') 19 (0l

€ 2 2
< m)’”Vl(Jz(/’)lle + CEL9)llg -
i
Also, on using the Sobolev Embedding Theorem for H l(D}'AQ) o ¥ ”_Z(D;)
(see [6, Theorem V.4.13])

/
2 i 2 Ey 2 2
e L e e S (L PR T

R

li
ey 2 2
< 2 IVl + C@loll,

On integrating with respect to the other variables x', j # i, we see that #Z(4)
is satisfied. Note also that 1(iv)’ has been established. The result is therefore
proved.

5. APPENDICES

Appendix 1. Proof of Proposition 1.
Let Ag(x : P) be the function defined in Definition 3. In [1, Lemma 2.3]
Agmon proves that given ¢ > 0 there exists R, > 0 such that

P12 [ (Aglx. P) = Do) 1dx

for all ¢ € C§° (R") and any R > R,. From this and Proposition 4(ii) it
follows easily that p is bounded below (see [1, p. 46]). It is clear that p is

densely defined in LZ(R") and symmetric. Hence we only need to show that p
is closable.
Without loss of generality we assume for the rest of the proof that

plol > llol.

Then p[]'? is a norm on C,°(R"); this is the norm denoted by ||| - ||| by
Agmon in the proof of his Theorem 3.2 in [1]. Let V' be the completion of
C,°(R") with respect to pl1'*. The key fact is that proved by Agmon in [1,
Lemma 3.1], namely that there exists a positive continuous function k on R”
for which

plol+ ol 2 [ k(lIT 007 +latllo(x)dx
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for all p € C;°(R"). It follows that for any compact set Q C R”

(57) 20001 > plol + llol* > K(Q) /Q 0V 0 + lallof1dx:

where
K(Q)= m&nk(x) >0.

Let {¢,,} beasequence of Cg° (R™)-functions which is p-convergent to 0, i.c.
lle,l — 0 and plp,-¢,]1— 0 as n, m — co. To prove that p is closable we
must show that p[g,]1— 0. From (57) and the fact thi.. A(x) > u(x)I, where

U is a positive continuous function, it follows that {¢,} is Cauchy in H ’(Q)
and also in the weighted space LZ(Q; lgldx). Since ¢, — 0 in LZ(R") we
have that ¢, — 0 in both HI(Q) and LZ(Q; |g|ldx). Hence, as A is bounded
on R", we conclude that

(58) /Q V0, +allo, '] — 0

and this is true for any compact subset Q of R”. Let w denote the limit of
{p,,} in V and, for ¢ € C;°(R"), set Q =suppg. Then

ply, 9l = lim plgp, . 9] —0
from (58). This proves that ¥ = 0 in V' and hence the proof is complete.

Appendix 2. Proof of Lemma 7.
Choose ¢,, ¢, € C™(0, co) satisfying the conditions
9,(1), 9,(1) €[0, 1] forze[0, 00),
1 te[(m+1)/2, ),
p(1) =
0, tef0,1,

and
1, tel0,(m+1)/2),

l) =
v2(1) {0, te[m, o),
where 0 </ < m < oo. Define

h(t)=e,0lp1(0) + 95017, i=1,2.
Then
o 1, t>m,
'~{0, <1,

h(t)€[0,1] fort>0, i=1,2, and
R +h()=1 fort>0.

For w, and J, given in the hypothesis let m = cosd, /2 and / = cosd, . The
function &, ({x, w,)/|x|) is a C>(R"\ {0})-function whose support lies in the



N-BODY SCHRODINGER OPERATORS 623

cone I'(w,:9d,,0). In I'(w,: 6, /2, 0) the function is identically equal to 1.
Define

m

jl(X) = Zh1((x> wk)/lxl)

k=1
and
1/2

jz( )—[1_11( )]

for x # 0. Since the cones {I'(w,: J, 0)}k=l are mutually disjoint then

Jix) =SB (x, )/ 1x))
k=1

and for x #0
1, xeR"\U;_, Nw,:6,,0),

J,(x)=1 0, xeUp, Tw,:6,/2,0),
hy({x, w,)/1x]), xel(w:6,,0), k=1,...,m

Hence, j,, j, € C*(R"\{0}) and f12 +j§ =1 for x #£0.
Let y(x) € C§°(B(O, 3/4)) with w(x) =1 for x € B(0, 1/2) and y(x) €
[0, 1] for all x. Define

fix) =1 -w(x))j(x) fori=1,2.

Then 1 > 3/4
Fx)+ 00 = { 0. :i: < 1;2.

Let fy(x) € C§°(B(O, 1)) with f(x)=1 for x € B(0, 3/4) and f,(x) € [0, 1]
for all x. Finally, define

J(x) = LU (x) + f2(x) + 20177

for i =0, 1, 2. Conditions (i)—(iv) of the conclusion of Lemma 7 are clearly
satisfied. Next, we show that condition (v) is satisfied as well.

By condition (iv) of Lemma 7, VJ; is homogeneous of degree —1 for |x| > 1
and i = 1, 2. Hence, it will suffice to show that (v) holds on e {x €
R": |x| = 1}. Let

C, =T(w,:6,/2, H)ns""
for k =1,...,m. Then, the sets C,, kK =1, ..., m, are mutually disjoint

and
2

m
Y IV =0 forwe|]C,.
i=1 k=1

For 6 € (0, 1/2) define
C)={weS" " J(w)>1-6}.
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Then C(6) D U,'("=l C, . Since J,(w) and Zf‘:l IVJi(a))|2 are uniformly con-
tinuous on S”” ', thereisa 6 =4 (e) sufficiently small in order that
22: IVJ ()] <e/2 forwe C(6).
i=1
Since J(w) > 1 on C(d), then
22: VI(o) <ell(w), ().
i=1
On S""'\C(9), Jy(w) = 1-J}(w) > & . Let B be the bound for ¥ |VJ, ()|
on $""' and set C, = B/&. Then for we §"~'\ C(d)
i IVJ()]’ < C,6<C,J (o).
i=1
Hence, (v) holds for any w € st (Related constructions may be found in
[25].)

Added after review. The referee has kindly informed us of a recent paper by
S. A. Vugal'ter and G. M Zhislin, On the spectrum of Schrédinger operators
of multiparticle systems with short-range potentials, Trans. Moscow Math Soc.
(1987), 97-114. In that paper the authors study the problem of finiteness of
the number of bound states of multiparticle systems with “virtual levels” being
present in subsystems. The potentials are short-range. (We refer the reader to
that paper for the definition of virtual levels. Yafaev [34] gives an intuitive
discussion as well.) Conditions # (1) and % (1) above exclude the possiblity
that X(P) could be zero and that virtual levels could be present in subsystems.
This phenomenon is a key ingredient for the occurrence of the Efimov effect
mentioned earlier. Previous work studying the presence of virtual levels in
subsystems of N-body operators and their influence on the number of discrete
eigenvalues have only considered the case N = 3. Vugal'ter and Zhislin obtain
results for the case N > 4 in their latest paper. Among other things, their
results show that for N > 4 the existence of two 2-particle subsystems with
virtual levels does not necessarily lead to an infinite number of bound states, in
contrast to the case when N = 3.
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